
Ep = dimensioniess group reiated 5. 
to product of Reynolds num- 
ber and friction factor 6. 

7 .  
Primed quantities are dimensionless. 
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Computer Calculation of Binary- Drop 

Evaporation 
NORMAN E. RAWSON, JOHN S. CHI”, and WILLIAM F. STEVENS 

Northwestern University, Evaneton, Illinois 

A mathematical model has been developed relating the velocity, temperature, composition, 
radius, and position of a n  evaporating drop falling through a heated environment. Under the 
assumption of rapid mixing within the drop a digital computer program has been written and 
solved for several initial conditions to give the aforementioned variables as a function of time. 
Details of the computer program are presented, with emphasis on the analysis of and approach 
to the problem. The computer results are summarized, and their relation to the general problem 
of spray vaporization is indicated. 

A knowledge of the mechanism of 
vaporization of liquid drops would add 
to the over-all understanding of many 
important chemical and physical proc- 
esses, such as spray drying, combus- 
tion of liquid fuels, and air humidifica- 
tion. To date investigations in these 
areas have been largely of an experi- 
mental nature, involving only single- 
component drops (6, 7).  Verification 
of an assumed mechanism for a binary- 
drop vaporization by calculation is dif- 
ficult because a binary drop is one 
made up of two distinct components 
of different volatilities, such that the 
drop composition changes during evap- 
oration, along with the drop tempera- 
ture, velocity, direction, and size. 

With several simplifying assump- 
tions, summarized in detail by Chinn 
(2), Culverwell ( 3 ) ,  and Rawson 
(9), two mathematical models have 
been developed to represent the evap- 
oration of binary drops. The first is 
called the rapid mixing model. It as- 
sumes that mass and temperature 
gradients within the drop are instan- 
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taneously removed by convection cur- 
rents, so that the drop temperature 
and composition can be represented 
by average values. This model is ap- 
proached in larger drops where rapid 
convection currents are known to 
exist. The second model assumes no 
mixing and would be most likely to 
occur in smaller drops with negligible 
convection currents. This model re- 
quires solution of partial differential 
equations to determine the tempera- 
ture and concentration profiles within 
the drop. The present paper presents 
the details of a digital computer solu- 
tion for the rapid mixing model. Com- 
puter solution of the no-mixing model 
is more complicated and is presently 
under investigation. 

PROBLEM ANALYSIS 

A system of 37 wt. % tetrachloro- 
ethylene, with the remainder ortho- 
dichlorobenzene, was chosen for study, 
since these materials have volatilities 
similar to those of common jet fuels. 
Histories of 50- to 400-p drops were 
calculated as they evaporated in air at  
a constant temperature of 600°F. The 

calculation was begun after the drop 
was ejected from a nozzle. The initial 
drop temperature was assumed to be 
70”F., the initial velocity 49.5 ft./sec., 
and the initial trajectory 58.5 deg. to 
the horizontal. 

Calculation oh the drop history can 
be divided into three distinct parts: 
velocity and trajectory, mass transfer, 
and heat transfer. The velocity and 
trajectory equations are derived by ap- 
plying a force balance to the drop. 
The resultant force acting on the drop 
is composed of acceleration due to 
gravity, the buoyancy effect of the sur- 
rounding media, and the frictional 
resistance of the air. 
For the horizontal component of 
motion 

md do,/dO = - F cos 9 (1) 
For the vertical component of motion 

md dv,/dO = g ( pe V, - p. V,) - F’ sin 4 

For spheres the frictional force from 
air resistance is 

(2)  

Brown (1) presents a graphical repre- 
sentation of f as a function of the 
Reynolds number, the curve of which 
hm been approximated andytically by 
Chinn (2)  and has been used in the 
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present investigation in the following 
form: 

100 lis 
9 0 6  NR. < 1,000 f =z (,> 

Nx, 3 1,000 f = 0.464 

The mass transfer equation for one 

dm/dO = K ( 4 n  R') (p'. - p'.,) ( 4 )  
where K is given by the Ranz and 
Marshall equation (8) : 

K = (1.0 + 0.3N,,"3 N,,"") 

component is 

( D U P , ) / R  ( M m  p ' d m  ( 5 )  

The Ranz and Marshall equation is 
based on binary diffusion of a pure 
component in air. The assumption that 
it holds for ternary diffusion has not 
been accurately evaluated. However 
the difference in volatilities of the two 
components causes binary diffusion to 
be approached throughout a majority 
of the evaporation, thus minimizing 
any error. 

Fig. 2. Temperature histories of binary drops. 

The heat transferred to the drop is 
described by the following equation: 

dQ/dO = h 4n R2 (t. - t,,,) (6) 

Ranz and Marshall (8) give the fol- 
lowing expression for the convection 
heat transfer coefficient: 

h = k, (1.0 + 0.3Np,l" (7) 

It should be noted that Equations 
( 5 )  and (7) were presented by Ranz 

Fig. 1. Summary flow sheet. 
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and Marshall (8) as the result of ex- 
periments conducted at atmospheric 
pressure. The present investigation 
proposes that their range of applica- 
bility be extended to pressures some- 
what above atmospheric. Care should 
be taken to realize that this constitutes 
an extrapolation with no experimental 
justification and that trouble may be 
encountered at pressures greatly dif- 
ferent from atmospheric. 

COMPUTER PROGRAM 

An IBM-650 computer was used for 
the solution. Since the digital computer 
must solve differential equations by a 
step by step finite difference proced- 
ure, trial and error must be used. Fig- 
ure 1 outlines the calculation steps. 

All physical and thermodynamic 
properties, such as the viscosity, specific 
gravity, friction factor, diffusivity, 
thermal conductivity, heat capacity, 
activity coefficient, and heat of vapori- 
zation, are expressed as functions of 
concentration and temperature and 
are calculated whenever needed. The 
solution is initiated by choosing a time 
increment ( A@,) . The time increment 
is divided by the previous time incre- 
ment to give a ratio (AoJAOJ. This 
ratio is used to predict all of the new 
changes in variables: velocity, trajec- 
tory angle, radius, temperature, and 
concentration. With these newly pre- 
dicted changes a projected final and 
average value is calculated for the time 
increment hB,. For example the vel- 
ocity calculation appears below: 

AV, = AOL-1 (AO,/AO<-i) (8) 

1 
2 (9) V,, = VA-1 + - (Aut)  

V <  = Vt-1 f AU, ( 10) 

The differential equations for the vel- 
ocity change appear below in finite 
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difference form and with some rear- 
rangement: 

AVh, =z - CF z i 4  A@, (11) 

Auo, = g { [  ( P d - P a ) / P d I  

- CF sin$} a& (12) 

A$b == ( g  COS 44) AB,/Ut (13) 
where 

C F =  ( 3 f ~ a v + ~ ) / ( 8 g ~ d R )  (14) 
The only assumption in the above 
equations is that p d  >> pa.  The actual 
velocity is calculated with the above 
equations and compared with the pro- 
jected value. If the projected and cal- 
culated values agree within an arbi- 
trary percentage, the program con- 
tinues. If not the newly calculated 
values are stored in a place of the pro- 
jected ones and the calculation re- 
peated until the calculated values 
equal the previously stored ones. Dur- 
ing the calculation all drop properties 
are calculated as functions of the 
arithmetic mean temperature and con- 
centration over the time increment. 
Negligible error is introduced by this 
if the time increment is kept small. 

The mass change over the time in- 
crement is determined from the mass 
transfer equation : 

Am4 = K m  (45~ R’) ( p ’ 3  - p’,,)AB, (15) 
The partial pressure at the surface of 
the vapor film (P’~,) is assumed neg- 
ligible. This is a good assumption if 
the drop is moving with a fair velocity. 
After the mass change is determined, 
the final radius is calculated as follows: 

DISTANCE OF TRAVEL IN FEET 

Fig. 4. Mass histories of binary drops. 

TIME IN SECONDS 

Fig. 5. Velocity histories of binary drops. 

Rt = [ (mi-, 4- A m { )  / ( 4 ~  p J 3 )  1’’’ 
(16) 

As previously with the velocity the 
difference between the calculated and 
predicted values of the radius must 
pass a minimum requirement. If it is 
not met, the newly calculated values 
become the predicted ones and the 
calculations are repeated until the re- 
quirement is satisfied. Since the volume 

is a direct function of the mass, pas- 
sage of the above velocity and radius 
tests suffices to accurately fix all vari- 
ables except temperature. 

The temperature is determined by 
calculating the heat transferred to the 
drop over the time increment and sub- 
tracting the quantity of heat used in 
vaporizing the mass which has left the 
drop. The equations are 

I- 
W W LL 

z 
J W 

$ 
I- 
LL 
0 
w 
V z 
F 
v, 
0 

TIME IN SECONDS 

Fig. 6. Movement of binary drops through still air. 
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A Q ~  = h4m R P ( t a  - t,,,) A6" (17) 

t,,, = Qnet/m4 Cpd (18) 

Radiation effects were found negligi- 
ble and were not considered (2).  The 
mass of each component evaporated is 
subtracted from the amount previ- 
ously present, and the result is divided 
by the new drop mass to determine 
the new average concentration. No 
concentration and temperature profile 
calculations are necessary, since in- 
stantaneous mixing has been assumed 
and the entire drop is represented by 
average values. 

The final check is a temperature 
change and time increment test so that 
the trial-and-error solution will re- 
main accurate. This is accomplished 
by adjustment of the time increment 
for the next iteration so that changes 
will occur slowly. This allows repre- 
sentation of the drop properties by 
averages over the time increment with- 
out sacrificing accuracy. 

Possible changes in air temperature 
and composition during evaporation 
have not been taken into account for 
two reasons. First the calculations 
presented here apply to a single binary 
drop falling through a heated environ- 
ment. Such a drop is continually en- 
countering fresh air of constant tem- 
perature and composition. Second to 
extend the results of such calculations 
to a spray made up of many drops it 
is only necessary to specify that the 
spray be subjected to a continuous 
supply of pure air at constant tem- 
perature. In most cases this can be 
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TEMPERATURE O F  

Fig. 8. Combined plots for all sizes of binary drops. 

done with little difficulty by means of 
some air feeding device. In either 
case the simplicity of the resulting 
system of equations makes the as- 
sumption of constant temperature and 
composition desirable. 

RESULTS 

The time for solution on the com- 
puter varied from 1/2 hr. for the 50-p 
drop to over 2 hr. for the 400-p drop. 
Figures 2 through 8 summarize the 
results of 50-, loo-, 200-, and 400-p 
drops. The temperature histories of 
the drops present a consistent family 
of curves which all reach an equilib- 
rium temperature of 298°F. (Figure 
2 ) .  The 200- and 400-p drops are not 
completely displayed owing to scaling, 
but they also reached 298°F. Refer- 
ence to the concentration histories 
(Figure 3) shows that the equilibrium 
values are obtained just after the tetra- 
chloroethylene concentration becomes 
zero. This is expected since the drop 
is now pure orthodichlorobenzene and 
will reach an equilibrium temperature 
somewhat below its boiling point of 
357 O F .  

Ingebo (6) studied eight pure drops 
evaporating at variety of temperatures. 
He presented an empirical equation 
for the equilibrium (wet-bulb) tem- 
perature as a function of boiling point 
and air temperature. For orthodi- 
chlorobenzene in air at 600°F. this 
equation gives 260°F. for the equilib- 
rium temperature, which is somewhat 
low. However the only compound 

Ingebo investigated with a boiling 
point comparable to that of orthodi- 
chlorobenzene was nitrobenzene (B.P. 
412°F.) It exhibited an equilibrium 
(or wet-bulb) temperature approxi- 
mately 72°F. below its boiling point, 
which is comparable to the 57°F. de- 
crease predicted for orthodichloro- 
benzene by the present study. 

The remaining figures show very 
consistent families of curves displaying 
all of the drop variables. All drops ap- 
proach the equilibrium temperature as 
the velocity approaches zero (Figures 
2 and 5 ) .  A drop could not reach an 
equilibrium state with a finite velocity, 
since any further evaporation would 
cause the velocity to change. 

Figures 4 and 6 show that a large 
portion of the mass evaporated with 
little change in distance. As much as 
50% of the smaller drops evaporated 
after the velocity approached zero. 
This occurs since the drop is relatively 
cool during the higher velocities. 
Figure 7 shows that the 50-p drop 
disappeared so quickly that it essen- 
tially lost its momentum instantane- 
ously and did not have sufficient time 
to swing into a vertical trajectory. 

I t  is interesting to note from Figures 
2, 3, and 5 that drops at identical tem- 
peratures have the same velocity and 
concentration. Figure 8 presents one 
curve which correlates all the drop 
variables. All drops went through 
identical histories upon evaporating, 
the only difference being time. Fur- 
ther investigation shows that doubling 
the diameter of the drop maintains the 
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Same history but displaces the vari- rapid convection currents caused by d = differential * 

ables in time by a factor of 3.2. If one 
assumes the time increase is directly 
proportional to the mass and inversely 
proportional to the suTface area, doub- 
ling the diameter would double the 
time. Without furthe investigation the be invaluable to fuel vaporization, efficient 
only conclusion is that mass apparently spray drying, humidification, and simi- k = thermal conductivity 
affects the time mcre than the surface 
area. 

An attempt ha? been made to com- 
pare the results of the present investi- 
gation with thae of El Wakil, Uye- 
hara, and Meycrs ( 4 ) .  Unfortunately, Since all the drops were found to go 
owing to the use of different basic through identical histories displaced N s c  = Schmidt number, (PJP.Dr)  
assumptions, only a qualitative com- in time, Equation (19) allows calcula- P’ = Partial Pressure 
parison can Se made, but the results tion of any size drop history if the = heat transferred 
of the two studies do appear to be history of one size drop is known. Any = drop radius 
consistent. It seems to the present pure component or binary-drop system = temperature 
authors thit the effect of mass transfer can be evaluated by this program with = velocity 
on heat tensfer can be safely neglected comparative ease. Thus if the rapid = 
because of the prior assumption that mixing model proves adequate, a drop- 8 = time 
the ai, temperature and composition size distribution would be all that is p = v i scOs i~  
remair unchanged throughout the required to completely evaluate the P = 
vapowation process (made by both behavior of atomization equipment. 4 = Of 

set? of investigators). In the process of 
deiving their correction factor for pression much like Equation (19) has a = air 
nass transfer El Wakil et al. consider been previously determined experi- av = average over time increment 
n e  term e,, the heat carried out with mentally by Ingebo ( 5 ) .  His exponent h8 
the diffusing vapor in the form of was 1.84, however which is not far d = drop 
superheat. This term has a significant f = film 

ge = geometric mean value because they assume that the 
vapor is heated up to the temperature h = horizontal 
of the surrounding air by the time it i = component i 

i = present time increment Ieaves the fiIm. In the light of the pre- 
i-1 = previous time increment vious assumption that the air tempera- 

ture remains unchanged, such a large Histories of 50-, loo-, ~ o o - ,  and m = arithmetic mean average based superheat is unlikely. There is just not 
time for the necessary heat transfer 400-p Of tetrachloro- 
to the vapor to take place. In the pres- ethylene and orthodichlorobenzene 
ent calculation he opposite extreme were calculated on the digital compu- sf = surface Of surrounding 

so rapidly that no superheating took position were determined as a function ‘ 
place. Both assumptions are inexact, Of time. A mixing was as- 
but it is believed that the present as- sumed SO that temperature and con- LITERATURE CITED 
sumption of no superheating is closer centration gradients within the drop 1. Brown, G. G., et al., “Unit Operations,” 
to the truth; that is it Seems likely could be represented by average values. WiIey, New York ( 1950). 
that the vapor leaving the film sur- It was found that all drop sizes go 2. Chinn, J. S., M.S. thesis, Northwestern 
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the heated chamber and the liquid D, 
nitrogen. Future work should be di- f 
rected toward experimental verifica- F’ 
tion of the rapid mixing model. If it g 
proves adequate, the approach would h 

= diffusivity of the vapor 
= friction factor 
= resisting force of air friction 
= acceleration of gravity 
= convection heat transfer co- 

K = mass transfer coefficient 

M = molecular weight 
N,, = Prandtl number, (C,,p./kf) 

lar studies. 

for the drop histories: 
The following relationship was found m = mass 

0J0, = ( R J R , )  (19) Nile = Reynolds number, (p ,2Ru/  
pa ) 

Q 

It should be pointed out that an ex- Subscrip& 

from the value of 1.68 proposed as 
the result of the present investigation. 
Further studies may bring the two ex- 
ponents even closer together. 

SUMMARY 

on mass or mole fraction. 
= surface of drop 

drop 
= vertical 
= cross sectional 

was assumed, that the vapor moved 
through the film and was swept away 

ter as they evaporated in air. velocity, 
radius, temperature, composition, and 

CONCLUSIONS the If the mode1 is adequate, P. S. Myers, Natl. Advisory Comm. 

sure 
CF = common factor, (3p,fv*/8gpLR) 1, 1961. 
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